Quantum noise in bright soliton matterwave interferometry by Haine, Simon A
           
PAPER • OPEN ACCESS
Quantum noise in bright soliton matterwave
interferometry
To cite this article: Simon A Haine 2018 New J. Phys. 20 033009
 
View the article online for updates and enhancements.
Related content
Suppression and enhancement of
decoherence in an atomic Josephson
junction
Yonathan Japha, Shuyu Zhou, Mark Keil
et al.
-
Photon-number correlation for quantum
enhanced imaging and sensing
A Meda, E Losero, N Samantaray et al.
-
Quantum phase transitions in the
collective degrees of freedom: nuclei and
other many-body systems
Pavel Cejnar and Pavel Stránský
-
This content was downloaded from IP address 139.184.244.73 on 10/07/2018 at 13:57
New J. Phys. 20 (2018) 033009 https://doi.org/10.1088/1367-2630/aab47f
PAPER
Quantum noise in bright solitonmatterwave interferometry
SimonAHaine
Department of Physics andAstronomy,University of Sussex, Brighton, United Kingdom
E-mail: simon.a.haine@gmail.com
Keywords: atom interferometry, bright solitons,matterwave sensing, quantumnoise
Abstract
There has been considerable recent interest inmatterwave interferometry with bright solitons in
quantumgases with attractive interactions, for applications such as rotation sensing.Wemodel the
quantumdynamics of these systems andﬁnd that the attractive interactions required for the presence
of bright solitons causes quantumphase-diffusion, which severely impairs the sensitivity.We propose
a scheme that partially restores the sensitivity, butﬁnd that in the case of rotation sensing, it is still
better towork in a regimewithminimal interactions if possible.
1. Introduction
Rotation sensors based onmatterwave interferometers have the potential to provide state of the art sensing
capabilities [1, 2]. The current pursuits towards fulﬁlling this potential can be divided into twomain approaches:
free-space atom interferometers, which operate in free-fall and use optical transitions betweenmomentum
modes to achieve spatial path separation [3–8], or guided conﬁgurations which involves the propagation of
atoms along some guiding potential to achieve spatial path separation, analogous to an opticalﬁbre [9–17].
While both approaches have their advantages, one attraction towards guided conﬁgurations is the potential for a
very large enclosed area [12], and therefore higher per-particle sensitivity. However, guidedmatterwave
interferometery often requires working in a regimewhere atom-atom interactions are important, leading to
complications in thematterwave dynamics [11, 13, 16, 18]. One approach tominimise these effects is towork
with atomic gases with attractive interaction in the soliton regime [19–33]. In fact, it has recently been shown
that soliton interferometry can provide higher fringe contrast than non-interacting gases [22, 24, 26, 27, 31–33],
although studies that include quantumnoise have cast doubt on this increased fringe contrast [26, 31]. In this
work, we use the quantumFisher information (QFI) to conﬁrm this suspicion and show that this increased
fringe contrast is an artefact of themean-ﬁeldmodel, and that to quantitatively evaluate the sensitivity of bright
solitonmatterwave interferometry schemes, it is crucial to include the effects of quantumnoise.We consider the
example of amatterwave gyroscope in a ring-trap, and show that in the case of a non-interacting gas the
sensitivity is independent of the shape of thewave-packet.When adding an attractive nonlinearity required for
bright solitons, weﬁnd that the quantumnoise severely degrades the sensitivity. Finally, weﬁnd that for
intermediate interaction strengths, amodiﬁcation to the scheme to include the addition of a state-preparation
step can partially recover the sensitivity, but argue that it is usually better tominimise the interactions if possible,
rather thanworking in the soliton regime.
2. Fisher information bounds for fringe contrast
TheQFI describes howmuch information about a particular parameter is contained in a quantum state, and
through the quantumCramer–Rao bound (QCRB), provides strict bounds on howprecisely that parameter can
be estimated throughmeasurements performed on that state [34].More precisely, theQCRB states that by
makingmeasurements on identically prepared systems, the error in estimates of a particular parameterΩ is
bounded by DW 1 Q . Consider the situation described in [26, 27, 31, 33], where a relative phase shiftf
is applied tomatterwave wave-packets of equal population before they collide on a narrow barrier, resulting in
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50% transmission and 50% reﬂection. If we consider the fullN-particle quantum state Yñ∣ , then the state at some
later time t can in general be described by Y ñ = Y ñf∣ ( ) ˆ ∣t U , where Y ñf∣ is the state immediately after the
application of the phase shift, = -ˆ ( ˆ )U texp i and ˆ is the fullN-particleHamiltonianwhich describes the
kinetic energy, potential energy, and arbitrary inter-particle interactions. TheQFI of the ﬁnal state is
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wherewe have used the fact that Uˆ is independent off, and =ˆ ˆ†U U 1. That is, Q is unchanged by the
subsequent evolution. If themany particle quantum state is initially separable, i.e., Y ñ = ñf y∣ ( ˆ ) ! ∣†a N 0N where
*ò y= Yyˆ ( ) ˆ ( )a x x xd , where yˆ ( )x is the usual bosonic annihilation operator andΨ(x) is the single-particle
wave-function, then it can be shown that  = NFQ Q [16], where
* *ò ò= ¶ Y ¶ Y - Y ¶ Yf f f⎡⎣⎢ ⎤⎦⎥ ( )F x x4 d d 2Q 2
is the single-particleQFI. If Y = Y + Yf( ) ( )x, 0 eL R12 i , whereΨL andΨR are orthonormal wave-packets
representing the twowave-packets in the initial conﬁguration, its straight forward to show that FQ=1.
Meanwhile, after thewave-packets interact with the barrier, the classical Fisher information (CFI) is related
to the probability of detecting a particle on the left (right) side of the barrier PL(R) by  = NFC C, where
= ¶ + ¶f f[( ) ( ) ]F P P P PC L L R R2 2 is the single-particleCFI.However, when the situation ismodelledwith the
Gross–Pitaeveskii equation (GPE), whereΨ evolves according to  ¶ Y = ¶ + Y + Y Y-( ( )) ∣ ∣V x g Ni t m x2 2 0 2
2
, for
attractive interactions g0<0 andΨL(R) set as bright soliton solutions, it was found in [26, 27, 31, 33] that at the
optimumpoint (when = =P PL R 12 ), (∂f PL(R))2 can be signiﬁcantly greater than 1, indicating FC>1 and
therefore a violation of theQCRB:  C Q [34]. Furthermore, as we show inﬁgure 1, these simulations show
that theQFI increases with time, which is unphysical, and therefore these simulations cannot provide
meaningful assessments ofmetrological usefulness. One possibility for this discrepancy is that theGPE can lead
to dynamics with a positive Lyapunov exponent, and therefore cautionmust be appliedwhen determining it’s
applicability in some cases [35]. Of course, theQFI can exceedNwhen there are non-trivial quantum
correlations present. However, the creation of such correlations cannot bemodelled by theGPE, which is why
Figure 1.GPE simulation of twowave-packets interfering after scattering off a narrow barrier repulsive barrier
p= -( ) ( ) ( )V x V x w wexp0 2 2 . In each case, the initial state was chose as Y = Y + Yf -( ) ( )x, 0 e e eL kx R kx12 i i i . For case 1, we have
used a non-interacting system (g0=0), and aGaussianwavepacket: sY = - - +( ( ( ) ) )( ) B x xexpL R 0 2 2 , and for case 2we have used
attractive interactions g0<0 and a solitonic initial wavepacket: mY = - +( ( ( ) ))( ) B x xcosh 2L R 2 0 , where in both casesB is the
appropriate normalisation factor. (a): probability density of case 1; (b): probability density of case 2; (c): dashed (solid) linePL−PR
versusf for case 1(2); (d): red dashed (solid) line: FQ for case 1(2); green dashed (solid) line: FC for case 1(2); blue dashed (solid) line:
ò= ¶ Y Yf( ∣ ∣ ) ∣ ∣F xdCx 2 2 2 , the CFI for full density resolvingmeasurements for case 1(2). Parameters:σ=0.5, k=10,w=10−2,
V0=5.65. The barrier heightV0 was chosen to give 50% reﬂection for this value of k.We areworking in units where ÿ=m=1.
2
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models that include the quantumnoise should be consideredwhen assessing themetrological usefulness of such
devices.
3.Matterwave gyroscope
Todemonstrate the role of quantumnoise, we consider the example of a gyroscope based on interference of
matterwaves conﬁned in a ring shaped potential, described inﬁgure 2. Two counter-propagatingmatterwaves
traverse the ring in opposite directions and are interfered, with the goal of estimating themagnitude of a
rotational frequencyΩ.We consider a Bose gas consisting of two hyperﬁne components (electronic states +ñ∣
and -ñ∣ ), with bosonic annihilation operators y+ˆ ( )r and y-ˆ ( )r respectively, which obey they usual bosonic
commutation relations: y y d d¢ = - ¢[ ˆ ( ) ˆ ( )] ( )†r r r r,i j ij. An initial state is createdwith all the atoms in state +ñ∣ ,
before implementing an atomic beamsplitter, which performs the operation y y y J   ˆ ( ˆ ˆ )e n12 2i , where
ϑ is the angular coordinate around the ring, coherently transferring 50%of the population to state -ñ∣ while also
shifting the angularmomentumby - n2 . Such a process could be implemented via a two-photonRaman
transitionwith Laguerre–Gauss beams as described in [10, 14, 36, 37]. After timeT=2πR2m/ÿn, the two
components have each traversed the ring andwe apply another Raman coupling pulse to act as a second
beamsplitter performing the transformation y y y - J  ˆ ( ˆ ˆ )i e n12 2i , before the population in each
component ismeasured and used to infer the phase difference accrued, and therefore estimateΩ. As in
[10, 11, 16, 32], working in cylindrical coordinates, J{ }r z, , , we assume a trapping potential of the form
w w= + -( ) [ ( ) ]V m z r Rr z r12 2 2 2 2 whereR is the radius of the torus,ωz andωr are the axial and radial trapping
frequencies, andm is themass of the particles. Assuming that the radial and axial conﬁnement is sufﬁciently
tight, wemay ignore the dynamics in these directions. In terms of the coordinate ξ=ϑR, the effective
Hamiltonian for the system is
 ò òå åy x y x x y x y x y x y x x= +=+ - =+ -ˆ ( ) ˆ ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )
† † †
H
g
d
2
d , 3
j
j j
i j
ij
j i j i
,
0
, ,
where = - Wx
- ¶
¶
ˆ ˆH L
m z0 2
2 2
2 , and Lˆz is the z component of the angularmomentum, andwe have assumed thatwe
areworking in a frame rotating around the z-axis at angular frequencyΩ. gij is the two-particle contact potential
interaction strength between state ñ∣i and ñ∣ j atoms. For convenience, we assume that g++=g−−≡g00, and
g+−=0. The choice of g+− has very little effect on the results as formost of the duration the two components
are not spatially overlapping1.
3.1. Non-interacting case
Webegin by examining the simple case where g0=0, as we can obtain an analytic result withwhich to
benchmark the behaviour in the soliton regime.Working in theHeisenberg picture, and expanding ourﬁeld
operators in angularmomentumbasis y x = åp x
ˆ ( ) bˆ eq q q R
1
2
i , the operators at some time tf after the
interferometer sequence (beamsplitter/free evolution/beamsplitter) are
Figure 2. (a)Matterwaves formed from a two-component BEC (clockwise: +ñ∣ , counter-clockwise: -ñ∣ ) propagate around the ring in
opposite directions, accumulating a phase-difference due to the external rotation frequencyΩ. (b)After one complete circuit, the two
components are interfered via a two-photonRaman transition, and the phase difference is converted into population difference (c).
1
The only effect of g+− is a slightmodiﬁcation of the velocity of thewavepackets, slightly altering the collision timeT.
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f = - W( )q tq qmR f2 2 2 . If we use the number difference in each component º -+ -ˆ ˆ ˆN N Nd as our signal,
where ò y y x= p
p
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R
R
then the rotation sensitivity is given by
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N
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At tf=T, f f f- = º
p
+
W
Wq n q
m R
2
4 2 , wherewe have subtracted the constant 4π(q+n) as integermultiples of
2πare inconsequential. Importantly,fΩ is independent of q, which allows us to greatly simplify Nˆd. Assuming
á ñ =-ˆ ( )N 0 0, we obtain f f= + á ñW + W +( ˆ ) ( ˆ ( )) ˆ ( )N N NVar sin Var 0 cos 0d 2 2 , and fá ñ = á ñW +ˆ ˆ ( )N Nsin 0d . At the
most sensitive pointfΩ=0, this simpliﬁes to
DW = º DWpR m N S4
1
t
2 , where = á ñ+ˆ ( )N N 0t is the total
number of atoms.We takeΔΩS as our benchmark sensitivity for the device. Importantly, the initialmomentum
distribution is irrelevant to the sensitivity, indicating that this sensitivity can be obtained regardless of the shape
of the initial wave-packet.
3.2. Soliton regime
Tomodel the behaviour of our system in the soliton regimewe choose the initial state  Y ñ = ñ+ -∣ ( ) ( ˆ ) ( ˆ )∣a a0 0 ,
where * a a= -  ( ˆ ) ( ˆ ˆ )†a a aexp is theGlauber coherent displacement operator, a = Ns , where
Ns=Nt/2 is themean number of atoms in eachmode, *ò y x= Y  ˆ ˆa d , and
x m xY = x ( ) ( ∣ ∣ )B m ssech 2 e k2 i 0 , where k0=n/R, andB is a normalisation constant such that
ò xY =p
p
- ∣ ∣ d 1R
R 2 . The chemical potentialμ is related to the numberNs by m = -N g m 8s2 02 2.We note that as
we have startedwith our atoms already split between the two components, we forgo the ﬁrst beamsplitter,
allowing us to easily prepare thewave-packets with the correct shape for their occupation numbers. It was
previously shown that the dynamics of such systems is reasonably insensitive to the total population statistics,
but is sensitive to the statistics of the population difference [38].We chose a two-modeGlauber coherent state for
our initial state as it reﬂects the number difference statistics that are obtained from coherent splitting of an
ensembles of atoms. Alternatively, we could have used a coherent spin state [39], which also has this property but
for awell-deﬁned total number of atoms.However aGlauber coherent state ismuch less computationally
demanding for the numerical technique employed in this work.
We simulate the dynamics of the systemby using a stochastic phase space technique known as the truncated
Wigner (TW)method, which has previously been used tomodel the dynamics of quantum gases [40–43], and
unlike theGPE, can be used tomodel non-classical particle correlations [44–46]. The derivation of the TW
method has been described in detail elsewhere [40, 47, 48]. Brieﬂy, the equation ofmotion for theWigner
function of the system can be found from the von-Neumann equation by using correspondences between
differential operators on theWigner function and the original quantumoperators [49]. By truncating third- and
higher-order derivatives (the TWapproximation), a Fokker–Planck equation (FPE) is obtained. The FPE is then
mapped to a set of stochastic partial differential equations for complexﬁeldsψj(ξ, t), which loosely correspond to
the originalﬁeld operators y xˆ ( )t,j , with initial conditions stochastically sampled from the appropriateWigner
distribution [48, 50]. The complexﬁelds obey the partial differential equation
y y y= + - D⎜ ⎟
⎡
⎣⎢
⎛
⎝
⎞
⎠
⎤
⎦⎥˙ ˆ ∣ ∣ ( )H gi
1
, 6j j j0 0
2
whereΔ is the element that characterises the discretisation of the spatial grid ξ. By averaging overmany
trajectories with stochastically sampled initial conditions, expectation values of quantities corresponding to
symmetrically ordered operators in the full quantum theory can be obtained via the correspondence
*y y y yá ñ ={ ( ˆ ˆ } [ ]†f f, ,j j j jsym , where ‘sym’ denotes symmetric ordering and the overline denotes themean over
many stochastic trajectories. The initial conditions for the simulations are chosen as
y x x h x= Y +  ( ) ( ) ( )N, 0 s , where η±(ξ) are complexGaussian noises satisfying
*h x h x d d= D( ) ( )m i n j m n i j12 , , , for spatial grid points ξi and ξj. Equations (6)was solved numerically on a spatial
gridwith 512 points.
At t=T thewave-packets have completed one circuit of the ring and a beam-splitter implemented via the
transformation y y y - x  ( )i e k12 2i 0 , before the expectation value and variance of the total number of
particles in each component is calculated.We calculate ¶ á ñW Nˆd by using ﬁnite difference and simulating small
variations ofΩ aroundΩ=0. Figure 3 (red squares) shows the rotation sensitivity as a function of the
interaction strength g0.We see that as ∣ ∣g0 increases, the sensitivity is rapidly degraded.We also analysed a single
component systemwhere the beam-splittingwas performed by quantum reﬂection/transmission from a
4
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narrow barrier as in [32]. Figure 3 (green diamonds) shows similar behaviour to the two-component system. For
comparison, we have alsomodelled a non-interacting gas, for a variety of initial wave-packet with the same
quantum statistics. For the two-component case, the sensitivity was equal toΔΩS in all cases. For the single
component system, the sensitivity was alsowell approximated byΔΩS as long as theﬁnal state was still well
approximated by two, well separatedwave-packets. For gaussianwave-packets, this is achievedwhenσξ k01
andσξπR, whereσξ is the initial width of thewave-packet. Outside this regime, the sensitivity decreased
when theﬁnal width of thewave-packets was of the order of the circumference of the ring, and could no longer
be distinguished from each other.We note thatmaking ameasurement of the systems angularmomentum,
rather than position,may relax this constraint further.
4. Two-modemodel
The origin of this degradation is the quantum ﬂuctuations in the population difference leading to uncertainty in
the energy of each soliton, resulting in phase-ﬂuctuations before theﬁnal beam-splitter. For smallﬂuctuations in
particle numberN aroundNs, the energy of a single soliton is well approximated by
» + ¶ - + ¶ -( ) ( ) ( )E E E N N E N N1
2
, 7N N N N s N N s
2 2
s s s s s
where  » W -( )E k R N NN km s g m s2 0 24 3s 2 02 02 2 is obtained by substituting y  Y ˆ Ns into equation (3) and
making the approximation that the limits of integration are¥.We canmodel the effect of the number
ﬂuctuationswith an effective two-modeHamiltonian [13, 38, 45, 51–53]  = +0 int, with
 å= - W -
=+-
+ + - -ˆ ˆ ( ˆ ˆ ˆ ˆ ) ( )† † †E a a Rk a a a a , 8
j
j j0 0 0
 c= ++ + + + - - - -( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ) ( )† † † †a a a a a a a a
2
, 9int
where  c = ¶ = -E g mN 4N N s2 02 2s s , and = +E g mN 8km s0 2 02 2 2
2
0
2
. The formofE0 is inconsequential as it
results in a phase-shift that is common to bothmodes.Moving to an interaction picture where the operators
evolve under0 and our state evolves underint, and expressing the state in the Fock basis gives
å å a aY ñ = ña-
=
¥
=
¥
- F∣ ( )
! !
∣ ( )∣ ∣T
n n
n ne , e , 10
n n
n n
0 0 1 2
1 2
i n n2
1 2
1 2
1, 2
where cF = - + -[ ( ) ( )]T n n n n1 1n n, 12 1 1 2 21 2 . Introducing the pseudo-spin operators
= + = - = - =+ - + - + - + - + + - -{ˆ ( ˆ ˆ ˆ ˆ ) ˆ ( ˆ ˆ ˆ ˆ ) ˆ ( ˆ ˆ ˆ ˆ )} ˆ† † † † † †J a a a a J a a a a J a a a a N, ,x y i z d12 2
1
2
1
2
, at theﬁnal time t=tf, evol-
ution under0 for a periodT followed by theﬁnal beamsplitter performs the transformation
f f= - +W Wˆ ( ) ( ˆ ( ) ˆ ( ))J t J Jcos 0 sin 0z f y x . AtΩ=0, equation (5) becomes DW = á ñp ( ˆ ) ˆJ JVarm R y x4 22 . Using
Figure 3.Rotation sensitivity as a function of g0 (g0 is expressed in units of ÿ
2/(mR)). Red squares:multi-mode TW (MMTW)model.
Red dashed line: analytic two-mode (TM)model. Green diamonds:multi-mode single-component (MMSC), Blue solid line: (Blue
stars): two-mode (multi-mode)TWmodel of pre-twisting scheme using θ=θχ (TMT, θ=θχ andMMT, θ=θχ, respectively).
Black circles (plus symbols): multi-mode (two-mode)TWmodel of pre-twisting schemewith a numerically optimised θ=θopt for
each point (TMT, θ=θopt andMMT, θ=θopt, respectively). The upper black dotted line indicatesΔΩS, and the lower black dotted
line indicates DWS12 , which is the standard sensitivity formatterwaves traversing two revolutions of the ring. Parameters:Nt=104
and k0=80/R for all simulations, which corresponds to amaximum interaction parameter ofχT=7.6×10
−3.
5
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equation (10), we obtain
c= + - -( ˆ ) ( [ ( )]) ( )J N N N TVar
4 8
1 exp 2 sin , 11y
t t
t
2
2
cá ñ = - +ˆ [ ( ( ))] ( )J N N T
2
exp 1 cos . 12x
t
t
Figure 3 (red dashed line) shows that our analyticmodel gives excellent agreementwith both our single-
component and two-componentmulti-mode numeric calculations.
5. Pre-twisting to reduce the effects of phase diffusion
Wecan partially restore the sensitivity by implementing a pre-twisting scheme to reverse the effect ofint.
ﬁgure 4 shows a quasi-probability distribution formed from individual trajectories from a 2-modeTW
simulation evolving underint. Initially, the individual trajectories are spread out in both Jˆz and Jˆy . However,
after a period of evolution, the spread in Jˆz is converted into amuch larger spread in Jˆy , which is the origin of the
degradation. By applying a rotation =q qˆ ˆU e Ji x, the state is twisted such that a second period of evolution under
int approximately revives the initial state. However, this process breaks down for larger values ofχT, as can be
seen in the lower panels ofﬁgure 4. This is because for small values ofχT, the trajectories roughly form an ellipse,
whichwhen rotated, is similar in shape to its reﬂection about the Jˆz axis.However, for larger values ofχT, the
trajectories form a bent ellipse, whichwhen rotated about the Jˆx axis, deviates signiﬁcantly from its reﬂection
about the Jˆz axis, and thus the second period of nonlinear evolution does not revive the initial state [54].We note
that this process could also have been achieved by simply reversing the sign ofχ for the second period of
evolution.However, this is incompatible with the use of bright solitons as the require a negative interaction
constant. The rotation angle that performs the rotation illustrated inﬁgure (4) is
q g= - -c - ( ) ( )cos , 131
with
g
c c
= -
- + -
( ( ) )
( ( ) ) ( ( ))
( )sN
sN s N T T
exp 2 1
exp 2 1 16 exp 2 cos cos 2
, 14t
t t
2
and c=s Tsin2 , and is derived in the appendix.
The sensitivity that this scheme provides is shown inﬁgure (3) (blue solid line). There are two factors that
inﬂuence the sensitivity. Theﬁrst is the reduction in quantumnoise ( ( ˆ )JVar y ) due to this pre-twisting scheme.
The second is that the θ rotation has a non-trivial effect on á ñ WJˆd dz due to the interplay between the phase shift
accumulated before and after the twisting, with θ=0 (π) leading to perfect addition(cancellation) of this phase.
As such, for small values ofχT, θχ is not the optimumangle, as the reduction in variance is offset by the partial
cancellation of phase accumulation. To obtain higher sensitivities, we optimise θnumerically. The optimum
Figure 4.Quasi-probability distribution for the pre-twisting sequence. Left to right: Y ñ∣ 0 , Y ñcˆ ∣U 0 , Y ñq cˆ ˆ ∣U U 0 , and Y ñc q cˆ ˆ ˆ ∣U U U 0 , for
= -cˆ ( )U Texp i int . Top line:χT=−0.03. Bottom line:χT=−0.06. For visual clarity, a reduced number of atoms (Nt=100)
was used.
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sensitivity is shown in ﬁgure (3) (black crosses). The optimumactually dips slightly below the standard quantum
limit (SQL) because theﬁnal state in this case has reduced ﬂuctuations in ( ˆ )JVar y .
We implement the pre-twisting scheme in ourmulti-modemodel by replacing the ﬁnal 50/50 beamsplitter
of the single loop schemewith a variable angle beam splitter performing the transformation
y y q y q - x  cos i sin e k2i 0 , and then allowing the solitons to perform a second circuit of the ring before
theﬁnal 50/50 beamsplitter is implemented. Again, such a transformation is easily implemented via a coherent
two-photonRaman transition. However, when assessing the performance of this scheme (ﬁgure (3) blue stars),
we see that while there is generally some improvement in sensitivity when compared to the original scheme,
there is a signiﬁcant discrepancy between the 2-modemodel and themulti-modemodel. In particular, the
multi-modemodel predicts signiﬁcantly worse sensitivity than compared to the two-modemodel for
intermediate values of ∣ ∣g0 . For larger values of ∣ ∣g0 , themulti-modemodel still gives about an order ofmagnitude
improvement compared to the original scheme, but this is still worse thanwhatwould be obtained by using a
non-interacting gas. In an attempt to further improve the sensitivity, we numerically optimised θ (ﬁgure (3)
black circles). This results in signiﬁcant improvement for small values of ∣ ∣g0 . However, the ‘bump’ for
intermediate values of ∣ ∣g0 is still present.We speculate that the origin of this behaviour is different regions of the
wave-packet experiencing different degrees of phase shearing. This is noticeable when the pre-twisting is
attempted, as themultiple regionswould require slightly different rotations angles to perfectly revive the state—
which is a requirement our pre-twisting scheme is not capable of.We also attempted to implement the pre-
twisting scheme in the single-component systemby varying the height of the barrier to implement qUˆ . However,
we found very little improvement compared to the single-loop scheme.We suspect that this is partly due to the
difﬁculty in controlling θ and the phase of the outgoingmatterwaves after interactionwith the barrier.
6.Discussion
Our results generally indicate that for the case of rotation sensingwith a two-component system, it is better to
work in a regimewithminimal interactions rather then pursuing the use of bright solitons. If working in a
regimewhere interactions are unavoidable, then one should consider using the pre-twisting scheme presented in
this letter. In a single component system,minimising interactions and ensuring that thewave-packet satisﬁes the
conditions for distinguishable wave-packets, is favourable to the use of bright solitons. In situationswhen these
conditions cannot bemet, itmay be the case that bright solitons provide superior performance. As the sensitivity
scales with the enclosed area of the device, it is beneﬁcial to increase the circumference of the ring.However,
whenworking in the soliton regime, assuming themagnitude of themomentumkick is heldﬁxed, the time
taken for the solitons to complete a circuit, and therefore the amount of phase diffusion, increases with the size
of the ring. This will ultimately limit the obtainable sensitivity. In the linear regime however, the expansion of the
wave-packets scales linearly with time, such that the conditions forwave-packet distinguishability is
approximately independent of the ring circumference (the fraction of the circumference covered by eachwave-
packet at theﬁnal time is independent of the circumference), so no such limitations exist.
As the phase-diffusionmechanism investigated in thismanuscript will also be present in any sensing
schemes involving bright-solitons, the results of this paper suggest that one should always usemodels that
include quantumnoise rather than relying exclusively onmean-ﬁeldmodels to assess themetrological
sensitivity.
However, we do not claim that the use of bright solitons is entirely without beneﬁt.Wave-packet spreading
may prove problematic if beamsplitters that transfer linearmomentum (rather than angularmomentum, as
considered in this paper) are used, as a spatially non-localised sourcewill experience a radial component to the
momentum transfer, causingmode-matching issues. Additionally, itmay be possible that some detection
systems are less susceptible to imperfections if thematterwaves remain spatially localised. It was observed in the
experiment ofMcDonald et al [18] that themaximum sensitivity was achievedwhen the scattering lengthwas
tuned to create a soliton. The reason for this was likely that the reduction in dispersion reduced various sources
of technical noise such as imperfections in the trapping potential. Furthermore, for the interrogation times used,
the two solitonwave-packets remained spatially overlapping for the duration of the experiment, so the system
would not be subjected to the relative phase shearing noise reported in thismanuscript. Additionally, the
experiment was not operating at the SQL so it is unlikely that this noise sourcewould be observed.
Finally, we note that it has been shown that soliton dynamics can create non-classical states [26, 55–58].
However, it has yet to be shown that these states can be used for enhancedmatterwave interferometry, as they
will be subject to the same phase diffusionwhich is the subject of thismanuscript, and furthermodelling of these
systems should be pursued.
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Appendix. Derivation ofθχ (equation (13))
In this appendix, we provide further details on the calculations in themain text. Speciﬁcally, we derive the
rotation angle required for the pre-twisting scheme. The angle required for our pre-twisting scheme, θχ, is the
angle such that rotation about the Jx axis returns the variance of Jz to its original value, as illustrated inﬁgure A1.
The action of the variable angle beamsplitter q=q cˆ ( ˆ )U Jexp i x on the pseudo-spin operators before (t= T)
and after (t=t1) the rotation is
q q= = +q q c cˆ ( ) ˆ ˆ ( ) ˆ ˆ ( ) ˆ ( ) ( )†J t U J T U J T J Tcos sin , A1z z z y1
q q= = -q q c cˆ ( ) ˆ ˆ ( ) ˆ ˆ ( ) ˆ ( ) ( )†J t U J T U J T J Tcos sin . A2y y y z1
Therefore, after the rotation, the variance in Jˆz is
q q
q q
= á ñ
= á ñ + á ñ
+ á ñ + á ñ
c c
c c
( ˆ ( )) ˆ ( )
ˆ ( ) ˆ ( )
( ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ) ( )
V J t J t
J T J T
J T J T J T J T
cos sin
cos sin , A3
z z
z y
z y y z
1
2
1
2 2 2 2
since the state is chosen such that á ñ = á ñ =ˆ ( ) ˆ ( )J t J T 0z z1 . The evolution under = -cˆ ( )U Texp i int commutes
with Jˆz , so á ñ = á ñ =ˆ ( ) ˆ ( )J T J N0 4z z t2 2 . The angle θχ is deﬁned as the angle such that
á ñ = á ñ =ˆ ( ) ˆ ( )J t J T N 4z z t2 1 2 . Expressing the pseudo-spin operators in terms of bosonic creation and annihilation
operators, andmaking the substitution +ˆ ˆa a and -ˆ ˆa b for ease of notation gives
= + + + -ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ) ( )† † † † † † † †J a a aa b b bb a a b b a ab b1
4
2 , A4z
2
= + + - -ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ) ( )† † † † † † † †J a ab b a a b b a a bb b b aa1
4
2 , A5y
2
+ = + - -ˆ ˆ ˆ ˆ ( ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ) ( )† † † † † † † †J J J J a aab a b bb ab b b a a abi
2
. A6z y y z
Figure A1.The rotation angle θχ about the Jx axis required for re-phasing after a second application of cUˆ is the angle that has the same
variance in Jˆz before and after rotation.
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In order to evaluate these expressions, we need to calculate terms such as á ñˆ ˆ ˆ ˆ† †a a ab with respect to the state
å å a aY ñ = ña-
=
¥
=
¥
- F∣ ( )
! !
∣ ( )∣ ∣T
n n
n ne , e , A7
n n
n n
0 0 1 2
1 2
i n n2
1 2
1 2
1, 2
where
cF = - + -[ ( ) ( )] ( )T n n n n1
2
1 1 , A8n n, 1 1 2 21 2
and a = N 2t .Wewill explicitly compute one example, and provide the rest of these operatormoments in a
table.
* *
* *
* *
* *
å å å å
å å å å
å å å å
å å
å å
a a a a
a a a a
a a a a d d
a a a a
a a a
a
c
á ñ = á ñ
= + á
+ - ñ
= +
= + + + +
= -
=
= -
a
a
a
a c
c a c c
c a a a
c
-
=
¥
=
¥
=
¥
=
¥
F -F
-
=
¥
=
¥
=
¥
=
¥
F -F
-
=
¥
=
¥
=
¥
=
¥
F -F + -
-
=
¥
=
¥ + + -
-
=
¥
=
¥ - -
- c c-
ˆ ˆ ˆ ˆ ( ) ( )
! ! ! !
∣ ˆ ˆ ˆ ˆ∣
( ) ( )
! ! ! !
∣
( ) ( )
! ! ! !
( ) ( )
(( )! ! !( )!
∣ ∣ (∣ ∣ )
( )!
(∣ ∣ )
!
∣ ∣
( ( )) ( )
† † ∣ ∣ † † ( )
∣ ∣
( )
∣ ∣ ( )
∣ ∣ ( )
∣ ∣
∣ ∣ ∣ ∣ ∣ ∣
a a ab
m m n n
m m a a ab n n
m m n n
n n n m m n
n
m m n n
n n n
n m n m
n n m
n m
N
N T
e , , e
e 1 ,
1, 1 e
e 1 e
e
1 1
1 1 e
e e
e
1
e
e e e e
4
e exp cos 1 . A9
m m n n
m m n n
m m n n
m m n n
m m n n
m m n n
m n m n
m n
n m n m
T n m
T
m n
T n T m
T
t T
t
2
0 0 0 0 1 2 1 2
1 2 1 2
i
2
0 0 1 1 1 2 1 2
1 1 2 1 2 1
2
i
2
0 0 1 1 1 2 1 2
1 1 2
i
, 1 , 1
2
0 1
1 1
1 2 1 2
1 1 2
i
4 i 2
0 1
2 i 1
1
2 i
2
4 i 2 e e
2
i
m m n n
m m n n
m m n n
T T
2
1 2 1 2
1 2 1 2
1, 2 1, 2
2
1 2 1 2
1 2 1 2
1, 2 1, 2
2
1 2 1 2
1 2 1 2
1, 2 1, 2
1 1 2 2
2
2 1
1 2 1 2
1 2
2
2 1
1 2
2 2 i 2 i
The complete set ofmoments required to calculate á ñˆ ( )J tz2 1 is
á ñ = á ñ =ˆ ˆ ˆ ˆ ( )† †a a b b N a
2
, A10t
á ñ = á ñ =ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( )† † † †a a aa b b bb N b
4
, A10t
2
cá ñ = á ñ = -ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ [ ( )] ( )† † † †a a bb aab b N N T c
4
exp cos 2 1 , A10t t
2
cá ñ = á ñ = -cˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ [ ( )] ( )† † † †a a ab ab b b N N T d
4
e exp cos 1 , A10t T t
2
i
cá ñ = á ñ = -c-ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ [ ( )] ( )† † † †a aab a b bb N N T e
4
e exp cos 1 . A10t T t
2
i
The solution to á ñ = á ñˆ ( ) ˆ ( )J t J Tz z2 1 2 for θχ gives four non-trivial solutions:
q g=c - ( ) ( )acos , A111
q g= -c - ( ) ( )bcos , A111
q g= -c - ( ) ( )ccos , A111
q g= - -c - ( ) ( )dcos , A111
where
g
c
c c c c
= á ñ - á ñ
á ñ + á ñ + á + ñ - á ñá ñ
= -
- + -
ˆ ( ) ˆ ( )
ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )
( ( ) )
( ( ) ) ( ( ))
( )
J T J T
J T J T J T J T J T J T J T J T
N T
N T T N T T
2
exp 2 sin 1
exp 2 sin 1 16 sin exp 2 cos cos 2
. A12
z y
z y z y y z z y
t
t t
2 2
2 2 2 2 2 2 2
2
2 2 2
Of those solutions, the only one that gives better performance than the single loop scheme is equation (A11d),
which is whatwas used for both the two-mode andmulti-mode pre-twisting calculations.
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[35] Brězinová I, Collins LA, Ludwig K, Schneider B I andBurgdörfer J 2011Wave chaos in the nonequilibriumdynamics of theGross–
Pitaevskii equation Phys. Rev.A 83 043611
[36] AndersenMF, RyuC, Cladé P,NatarajanV, Vaziri A,HelmersonK and PhillipsWD2006Quantized rotation of atoms fromphotons
with orbital angularmomentum Phys. Rev. Lett. 97 170406
[37] Moulder S, Beattie S, Smith RP, TammuzNandHadzibabic Z 2012Quantized supercurrent decay in an annular Bose–Einstein
condensate Phys. Rev.A 86 013629
[38] Haine SA and JohnssonMT2009Dynamic scheme for generating number squeezing in Bose–Einstein condensates through nonlinear
interactions Phys. Rev.A 80 023611
[39] Radcliffe JM1971 Some properties of coherent spin states J. Phys. A: Gen. Phys. 4 313
[40] SteelM J,OlsenMK, Plimak L I, DrummondPD, Tan SM,CollettM J,WallsD F andGrahamR1998Dynamical quantumnoise in
trappedBose–Einstein condensates Phys. Rev.A 58 4824–35
[41] Sinatra A, LoboC andCastin Y 2002The truncatedWignermethod for Bose-condensed gases: limits of validity and applications
J. Phys. B: At.Mol. Opt. Phys. 35 3599
10
New J. Phys. 20 (2018) 033009 SAHaine
[42] Norrie AA, Ballagh R J andGardiner CW2006Quantum turbulence and correlations in Bose–Einstein condensate collisions Phys.
Rev.A 73 043617
[43] DrummondPDandOpanchuk B 2017TruncatedWigner dynamics and conservation laws Phys. Rev.A 96 043616
[44] Ruostekoski J andMartinAD2013The truncatedWignermethod for Bose gasesQuantumGasses (London: Imperial College Press)
pp 203–14
[45] Haine SA, Lau J, AndersonRP and JohnssonMT2014 Self-induced spatial dynamics to enhance spin squeezing via one-axis twisting
in a two-component Bose–Einstein condensate Phys. Rev.A 90 023613
[46] Szigeti S S, Lewis-SwanR J andHaine SA 2017 Pumped-up su(1, 1) interferometry Phys. Rev. Lett. 118 150401
[47] DrummondPDandHardmanAD1993 Simulation of quantum effects in Raman-active waveguides Europhys. Lett. 21 279
[48] Blakie P B, Bradley A S,DavisM J, Ballagh R J andGardiner CW2008Dynamics and statisticalmechanics of ultra-cold Bose gases using
c-ﬁeld techniquesAdv. Phys. 57 363–455
[49] Gardiner CWandZoller P 2004QuantumNoise: AHandbook ofMarkovian andNon-MarkovianQuantumStochasticMethods with
Applications toQuantumOptics 3rd edn (Berlin: Springer)
[50] OlsenMKandBradley A S 2009Numerical representation of quantum states in the positive-P andwigner representationsOpt.
Commun. 282 3924–9
[51] JohnssonMTandHaine SA 2007Generating quadrature squeezing in an atom laser through self-interaction Phys. Rev. Lett. 99 010401
[52] RiedelMF, Böhi P, Li Y,Hänsch TW, Sinatra A andTreutlein P 2010Atom-chip-based generation of entanglement for quantum
metrologyNature 464 1170–3
[53] Haine SA and Ferris A J 2011 Surpassing the standard quantum limit in an atom interferometer with four-mode entanglement
produced from four-wavemixing Phys. Rev.A 84 043624
[54] Nolan S P, Szigeti S S andHaine SA 2017Optimal and robust quantummetrology using interaction-based readouts Phys. Rev. Lett. 119
193601
[55] Weiss C andCastin Y 2009Creation and detection of amesoscopic gas in a nonlocal quantum superposition Phys. Rev. Lett. 102 010403
[56] Streltsov A I, AlonOE andCederbaumL S 2009 Scattering of an attractive Bose–Einstein condensate from a barrier: formation of
quantum superposition states Phys. Rev.A 80 043616
[57] LewensteinMandMalomed BA 2009 Entanglement generation by collisions of quantum solitons in the Born approximationNew J.
Phys. 11 113014
[58] Gertjerenken B, BillamTP, Blackley C L, RuthC, Sueur L, Khaykovich L, Cornish S L andWeiss C 2013Generatingmesoscopic Bell
states via collisions of distinguishable quantumbright solitons Phys. Rev. Lett. 111 100406
[59] Dennis GR,Hope J J and JohnssonMT2013Xmds2: fast, scalable simulation of coupled stochastic partial differential equations
Comput. Phys. Commun. 184 201–8
11
New J. Phys. 20 (2018) 033009 SAHaine
